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Type IIB Flux Vacua and Tadpole Cancellation
Philip Betzler and Erik Plauschinn*
We consider ﬂux vacua for type IIB orientifold compactiﬁcations and study
their interplay with the tadpole-cancellation condition. As a concrete example
we focus on T6/Z2 × Z2, for which we ﬁnd that solutions to the F-term
equations at weak coupling, large complex structure and large volume require
large ﬂux contributions. Such contributions are however strongly disfavored
by the tadpole-cancellation condition. We furthermore ﬁnd that solutions
which stabilize moduli in this perturbatively-controlled regime are only a very
small fraction of all solutions, and that the space of solutions is not
homogenous but shows characteristic void structures and vacua concentrated
on submanifolds.
1. Introduction
String theory is argued to be a consistent theory of quan-
tum gravity including gauge interactions. It is deﬁned in ten
space-time dimensions, and in order to make a connection
to four-dimensional physics six spatial dimensions have to be
compactiﬁed. Such compactiﬁcations have to satisfy a number of
consistency conditions, for instance, in the presence of D-branes
and closed-string ﬂuxes the tadpole-cancellation condition and
the Freed-Witten anomaly-cancellation condition have to be
satisﬁed. (For a review of the former see [1] and for the latter
see [2].) These conditions relate the closed- and open-string
sectors to each other and put strong restrictions on the allowed
background conﬁgurations. More concretely,
1) compactiﬁcations of string theory to four dimensions are typ-
ically performed on Calabi-Yau three-folds. The resulting ef-
fective theory contains a number of massless scalar ﬁelds cor-
responding to deformations of the background, which should
be absent due to experimental constraints. A way to achieve
this for type II theories is to deform the background geometry
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by Neveu-Schwarz–Neveu-Schwarz
(NS-NS) and Ramond-Ramond (R-R)
ﬂuxes, which generate a potential
in the four-dimensional theory and
provide mass-terms for the moduli
ﬁelds. This procedure is calledmoduli
stabilization, and for early work in the
type IIB context see for instance[3–5]
and for work in the type IIA context
see [6–8]. However, especially in the
type IIB setting some of the moduli
cannot be stabilized by (geomet-
ric) ﬂuxes. One therefore includes
non-perturbative eﬀects which lead
to the KKLT[9] and large-volume[10]
scenarios. Moduli stabilization often results in anti-de-Sitter
or Minkowski vacua, while it is diﬃcult to obtain de-Sitter
solutions.[11]
2) A gauge-theory sector for type II theories can be engineered
usingD-branes. D-branes ﬁlling four-dimensional space-time
and wrapping submanifolds in the compact space have a
gauge theory localized on their world-volume. Chiral matter
can be localized at the intersection loci of diﬀerent D-branes
in the compact space, and in this way four-dimensional gauge
theories can be constructed in a geometric way (for a review
see for instance[1]). However, when introducing D-branes one
typically has to perform an orientifold projection of the the-
ory. The ﬁxed-loci of this projection correspond to orientifold
planes which generically have negative mass and negative
charge.
Moduli stabilization and the construction of a gauge-theory sec-
tor are two important aspects of connecting string theory to real-
istic four-dimensional physics. These tasks are often approached
independently, however, as emphasized for instance in [12], there
is a complicated interplay between them. This interplay can pre-
vent moduli from being stabilized or canmodify the stabilization
procedure. Following this line of thought, the purpose of this pa-
per is to study how parts 1) and 2) are connected via the tadpole-
cancellation condition (schematically)
ﬂuxes = D-branes+O-planes. (1.1)
We approach this question by analyzing how properties of the
space of ﬂux vacua depends on the contribution of ﬂuxes to the
left-hand side of (1.1). We perform our analysis for the type IIB
orientifold of T6/Z2 × Z2, and consider R-R three-form ﬂux, ge-
ometric NS-NS H-ﬂux as well as non-geometric NS-NS Q-ﬂux.
The geometric ﬂuxes generically stabilize the complex-structure
moduli and the axio-dilaton, while the non-geometric ﬂuxes al-
low for stabilization of the Ka¨hler moduli. We then determine
distributions for how the values of the stabilized moduli depend
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on the tadpole contribution of the ﬂuxes. Note that distributions
of ﬂux vacua have been discussed extensively in the literature be-
fore. For instance, for type IIB compactiﬁcations various aspects
have been studied in [13–24] and for type IIA related work can be
found in [8,25]. In the context of M-theory similar questions have
been discussed in [26], and for F-theory see [27]. Recently also
topological data analysis has been used to investigate properties
of ﬂux vacua in [28,29]. The main results of our analysis can be
summarized as follows:
 We observe that the space of ﬂux vacua is not homogenous
but shows characteristic structures such as circular voids.[16]
We show furthermore that solutions can be accumulated on
submanifolds in the space of solutions.
 We ﬁnd that ﬂux conﬁgurations which stabilize moduli in a
weak-coupling, large complex-structure and/or large-volume
regime are only a very small fraction of all possible conﬁgu-
rations. The number of reliable ﬂux vacua is therefore much
smaller than naively expected.
 In order to stabilize moduli in a perturbatively-controlled
regime at weak coupling, large complex structure and large
volume, the ﬂux contribution to the left-hand side of tadpole-
cancellation condition (1.1) has to be larger than a certain
threshold. The more reliable these vacua are required to be,
the larger this threshold has to be. However, the contribution
of D-branes and orientifold planes to the right-hand side of
(1.1) is typically small. It is therefore diﬃcult to performmod-
uli stabilization in a perturbatively-controlled regime and to
satisfy the tadpole-cancellation condition.
Our ﬁndings for the structure of the space of ﬂux vacua agreewith
for instance[16,29] for the axio-dilaton, but we extend their analy-
sis by including the complex-structure moduli. Our observation
concerning the diﬃculty of obtaining reliable ﬂux vacua is consis-
tent with for instance,[30] who ﬁnd that type IIB solutions at weak
string-coupling are rare. Similarly, in [31] the authors argue that
in order to avoid a certain runaway behaviour large ﬂuxes have to
be considered, also in [32] large ﬂuxes are needed to obtain reli-
able solutions, and related diﬃculties are encountered in [33].
This work is organized as follows: in section 2 we re-
view type IIB orientifold compactiﬁcations with geometric and
non-geometric ﬂuxes, we discuss the corresponding tadpole-
cancellation conditions, we specialize to the example of the
T
6/Z2 × Z2 orientifold and determine the relevant dualities. In
section 3 we study moduli stabilization for the axio-dilaton, in
section 4 we discuss the combined moduli stabilization of the
axio-dilaton and the complex-structure moduli, and in section 5
we stabilize all of the closed-stringmoduli at tree-level. At the end
of sections 3, 4 and 5 we have included brief summaries for each
section, whichmay help the reader to get an overview of themain
results. Our conclusions can be found in section 6.
2. Flux Compactiﬁcations
In this paper we are interested in compactiﬁcations of type
IIB string theory on Calabi-Yau orientifolds with geometric and
non-geometric ﬂuxes. In order to ﬁx our notation, we start in
sections 2.1 and 2.2 by brieﬂy reviewing orientifold com-
pactiﬁcations and tadpole-cancellation conditions for general
Calabi-Yau three-folds. In section 2.3 we specialize to the example
of T6/Z2 × Z2, and in section 2.4 we discuss duality transforma-
tions for this background.
2.1. Orientifold Compactiﬁcations
Type IIB orientifold compactiﬁcations on Calabi-Yau three-folds
give rise to aN = 1 supergravity theory in four dimensions. This
theory can be characterized in terms of a superpotential, Ka¨hler
potential and D-term potential, which we determine in the fol-
lowing.
Calabi-Yau Orientifolds
We begin with type IIB string theory on R3,1 × X , where X de-
notes a Calabi-Yau three-fold. The latter comes with a holomor-
phic three-form ∈ H3,0(X ) and a real Ka¨hler form J ∈ H1,1(X ),
and to perform an orientifold projection we impose a holomor-
phic involution σ on X which acts on  and J as
σ ∗ J = +J σ ∗ = −. (2.1)
The involution leaves the non-compact four-dimensional part in-
variant, and hence the ﬁxed loci of σ correspond to orientifold
three- and seven planes. For the full orientifold projection σ is
combined withP(−1)FL , whereP denotes the world-sheet par-
ity operator and FL is the left-moving fermion number. The latter
two act on the bosonic ﬁelds in the following way
P (−1)FL g =+ g , P (−1)FL B =−B,
P (−1)FL φ =+ φ, P (−1)FL C2p = (−1)p C2p, (2.2)
with g the metric, B the Kalb-Ramond ﬁeld, φ the dilaton and
C2p the Ramond-Ramond potentials in type IIB. Since σ is an
involution, the cohomology groups of the Calabi-Yau three-fold
X split into even and odd eigenspaces as Hp,q (X ) = Hp,q+ (X )⊕
Hp,q− (X ),[34] and for the discussion in this paper we assume that
the corresponding Hodge numbers satisfy
h2,1+ = 0, h1,1− = 0. (2.3)
However, more general cases can be considered as well. For the
third de-Rham cohomology group H3−(X ) we choose a symplectic
basis as follows
{αI , β I}
∫
X
αI ∧ β J = δI J , I, J = 0, . . . , h2,1− , (2.4)
with all other pairings vanishing. For the even Dolbeault coho-
mology groups we introduce bases
|gX |−1/2dvolX = ω0 ∈ H3,3+ (X ),
ωA ∈ H1,1+ (X ),
σA ∈ H2,2+ (X ),
1 = σ 0 ∈ H0,0+ (X ),
A = 1, . . . , h1,1+ , (2.5)
where |gX | denotes the determinant of the metric for X . These
bases can be chosen such that they satisfy a condition analogous
to (2.4), in particular, we can require
{ωA, σ A},
∫
X
ωA ∧ σ B = δAB, A, B = 0, . . . , h1,1+ . (2.6)
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Moduli
When compactifying string theory from ten to four dimensions,
the deformations of the six-dimensional background become
dynamical ﬁelds in the four-dimensional theory. These moduli
ﬁelds are contained in the multiforms[35]
	+ = e−φ e B−i J ,
	− =, 	
+
c = e BCmod + i Re	+, (2.7)
where the sum over all R-R potentials C = ∑p Cp has been sep-
arated into a ﬂux contribution and a moduli contribution as
C = Cﬂux + Cmod. Complex scalar ﬁelds τ and TA can be deter-
mined by expanding	+c into its zero- and four-form components
as follows
	+c = τ + TA σA ≡ TA σ A, (2.8)
where T0 ≡ τ is called the axio-dilaton and TA contain the
Ka¨hler moduli of X . In general this expression also contains
two-forms anti-invariant under σ , which are however vanishing
due to our choice (2.3). The complex-structure moduli Ui with
i = 1, . . . , h2,1− are contained in the holomorphic three-form .
Fluxes
We furthermore consider non-vanishing ﬂuxes for the internal
space. These are the R-R three-form ﬂux F = d Cﬂux|3 as well as
geometric and non-geometric ﬂuxes in the NS-NS sector. The lat-
ter are the three-form ﬂux H, the geometric ﬂux f , and the non-
geometric Q- and R-ﬂuxes. These ﬂuxes can be interpreted as
operators acting on the diﬀerential forms as
H∧ : p−form → (p + 3)−form,
f ◦ : p−form → (p + 1)−form,
Q • : p−form → (p − 1)−form,
R  : p−form → (p − 3)−form,
(2.9)
and can be conveniently summarized using a generalized deriva-
tive operator[36]
D = d + H ∧ − f ◦ +Q • −R . (2.10)
The precise action of the ﬂuxes on the cohomology will be spec-
iﬁed below. We furthermore summarize the action of the com-
bined world-sheet parity and left-moving fermion number on the
ﬂuxes as follows[36,37]
P(−1)FL H =− H,
P(−1)FL f =+ f,
P(−1)FL Q =− Q,
P(−1)FL R =+ R.
P(−1)FL F = −F (2.11)
For our assumption (2.3) this implies that f and R are vanishing.
We also note that the R-R and NS-NS three-form ﬂuxes have to
satisfy quantization conditions of the form (see e.g. [38])∫

F ∈ Z,
∫

H ∈ Z, (2.12)
where  ∈ H3(X ,Z) is an arbitrary three-cycle on the Calabi-Yau
three-fold X . For orbifolds and orientifolds this condition can be
modiﬁed, and we come back to this point on page 16 below. Fur-
thermore, as will be explained in section 2.4, the NS-NS ﬂuxes
are related among each other through T-duality transformations,
and hence also the geometric f - and the non-geometric Q- and
R-ﬂuxes should be appropriately quantized.
Supergravity Data
When compactifying type IIB string theory on orientifolds of
Calabi-Yau three-folds, the resulting four-dimensional eﬀective
theory can be described in terms ofN = 1 supergravity.[34] In par-
ticular, the Ka¨hler potential takes the following form
K = − log [−i (τ − τ )]− 2 log Vˆ − log[−i ∫
X
 ∧ 
]
, (2.13)
where Vˆ denotes the volume of the Calabi-Yau manifold in Ein-
stein frame. The superpotential is generated by the ﬂuxes and
can be expressed using the Mukai pairing 〈·, ·〉 of the multi-
forms (2.7) and the generalized derivative (2.10) in the following
way[23,36,39]
W =
∫
X
〈
	−, F −D	+c
〉
=
∫
X
 ∧
[
F − τ H− (Q • σA) TA]. (2.14)
In general, the ﬂuxes (2.9) also generate a D-term potential
which can be expressed using the three-form part ofD(Im	+)[37]
(see also [40]). However, due to (2.11) the latter belongs to the
σ -even third cohomology and vanishes when taking into account
our requirements (2.3). In our setting therefore no D-term poten-
tial is generated.
Bianchi Identities and Tadpole-Cancellation Conditions
Finally, the R-R and NS-NS ﬂuxes have to satisfy a number of
Bianchi identities. These can be expressed using the generalized
derivative D as follows
D2 = NS-NS sources, DF = R-R sources, (2.15)
where NS-NS sources stand for NS5-branes, Kaluza-Klein
monopoles or non-geometric 522-branes (see for instance
[41] for a
review and collection of references). However, in this work we as-
sume these to be absent and therefore require D2 = 0. The R-R
sources stand for orientifold planes and D-branes, and the sec-
ond condition in (2.15) is also known as the tadpole cancellation
condition. We discuss this condition in more detail in the follow-
ing section.
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2.2. Tadpole-Cancellation Condition
The tadpole-cancellation condition is an important consistency
conditions for type I string theories. It links the closed-string to
the open-string sector and puts strong constraints on the allowed
D-brane conﬁgurations (for a review see for instance[1]). From
a conformal-ﬁeld-theory point of view the tadpole-cancellation
condition ensures the absence of UV divergencies in one-loop
amplitudes (see e.g. [42,43] for textbook reviews) and therefore
plays an important role for string theory being a consistent the-
ory of gravity. From an eﬀective-ﬁeld-theory point of view, the
tadpole-cancellation condition is the integrated version of the
equation of motion for the R-R potentials and ensures the ab-
sence of certain anomalies in type II orientifold compactiﬁcations
via the generalized Green-Schwarz mechanism.[44] The tadpole-
cancellation condition is thus an important consistency condition
for string compactiﬁcations.
Explicit Expressions
We now formulate the tadpole-cancellation condition for the set-
ting of the previous section. The contribution of the R-R-sources
can be described using the charges[45,46]
QDp = ch(F ) ∧
√
Aˆ(RT )
Aˆ(RN)
∧ [Dp ],
QOp = Qp
√
L(RT/4)
L(RN/4) ∧ [Op ], (2.16)
where [Dp ] and [Op ] denote the Poincare´ duals of the cycles
wrapped by D-branes and O-planes in R1,3 × X . The open-string
gauge ﬂux on the D-branesF appears in the Chern character, the
tangential and normal part of the curvature two-formR appear in
the Aˆ-genus and the Hirzebruch polynomialL, and Qp = −2p−4
denotes the charge of an orientifold p-plane. For more details we
refer for instance to section 8.6 in [41]. Denoting the orientifold
image of a Dp-brane with a prime, the Bianchi identity for the
R-R ﬂuxes then reads
DF =
∑
Dp+Dp′
QDp +
∑
Op
QOp, (2.17)
where the sum is over all D-branes and orientifold planes present
in the background. The Freed-Witten anomaly-cancellation
condition[2] for D-branes takes the general form[41,47]
DQDp = 0, DQOp = 0, (2.18)
where we included the corresponding expression for an orien-
tifold p-plane. Equation (2.17) can therefore be interpreted as a
relation in D-cohomology.
For the setting discussed in this paper, the orientifold projec-
tion satisﬁes (2.1) and therefore leads to spacetime ﬁlling O3-
and O7-planes. Taking into account (2.3) and that F in (2.17) is a
three-form ﬂux, we ﬁnd the following explicit expressions
Q • F = −2
∑
D7a
ND7a [D7a ]+ 8
∑
O7b
[O7b ],
H ∧ F = −2
(
ND3 − NO34
)
ω0
−
∑
D7a
tr(Fa)2 ∧ [D7a ]
+2
⎛⎝∑
D7a
ND7a
χ (D7a )
24
+
∑
O7b
χ (O7b )
12
⎞⎠ω0. (2.19)
Here, ND3 and NO3 denote the number of D3-branes and O3-
planes, ND7a denotes the number of coincident D7-branes in a
stack a, [D7a ] = nAa ωA is the Poincare´ dual of the cycle D7a ex-
panded in the basis (2.5), Fa is the (quantized) two-form gauge
ﬂux on the stack of D7-branes a in the fundamental represen-
tation, and χ () denotes the Euler number of the cycle . The
D-brane sums are over all D7-branes, and due to h1,1− = 0 the ori-
entifold images give a factor of two. For details on the derivation
of these expressions see for instance.[48]
Orientifold Contributions
Let us now discuss the contribution of orientifold planes to the
right-hand sides in (2.19). Typically orientifold planes give a posi-
tive contribution while D-branes give a negative contribution. For
some classes of models the orientifold-contributions can be esti-
mated as follows:
 For orientifolds of T6/ZM or T6/ZM × ZN the numbers of O3-
and O7-planes have been computed for instance in [49] for
some examples.Here, the authors ﬁnd that NO3, NO7  60 and
the contribution of the Euler numbers to (2.19) are vanishing.
The contribution of orientifold planes to the right-hand sides
of (2.19) is therefore typically positive and of order O(10).
 For del-Pezzo surfaces the possible orientifold projections
have been classiﬁed in [50]. The number of orientifold three-
and seven-planes are of order O(10), and in some examples
the Euler numbers of the four-cycles are of orderO(100). Also
here, the contribution of orientifold planes to the right-hand
side of (2.19) is positive and of order O(10).
 In F-theory the geometry of Calabi-Yau four-folds Y encodes
the geometry of D7-branes and orientifold planes in Calabi-
Yau three-foldsX . If a lift from type IIB orientifolds to F-theory
is possible, one ﬁnds that
χ (Y)
24
= NO3
4
+
∑
D7a
ND7a
χ (D7a )
24
+
∑
O7b
χ (O7b )
12
, (2.20)
where χ (Y) denotes the Euler number of the Calabi-Yau four-
fold Y . In [51,52] a manifold Ymax was identiﬁed with the
largest known Euler number for a Calabi-Yau four-fold
χ (Ymax) = 1 820 448, (2.21)
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and more details for the present context can be found in [53].
Hence, for this example the contribution to the D3-tadpole in
(2.19) is of order O(105).
D-Brane Contributions
We furthermore note that the tadpole-cancellation conditions
(2.19) are the integrated versions of the R-R Bianchi identities
(2.15). The former are therefore less restrictive than the latter,
but for a proper string-theory solution also the Bianchi identi-
ties with localized sources have to be solved. When placing D-
branes directly on top of orientifold planes solutions may be con-
structed more easily, but in general this a diﬃcult task (see for
instance[54]).
However, we can make the following general argument: be-
cause D-branes have a non-vanishing mass, their probe approxi-
mation breaks down when too many D-branes are placed into a
compact space (away from the orientifold planes). In this case the
back-reaction ofD-branes on the geometry has to be taken into ac-
count, and an extreme case for this mechanism is the formation
of black holes. It would be desirable to make this more precise,
but we can argue that for ignoring back-reaction eﬀects the con-
tribution of D-branes to the right-hand sides in (2.19) should not
be arbitrarily large.
Flux Contributions
Turning now to the ﬂux contribution on the left-hand sides in
(2.19), we note that for vanishing Q-ﬂux the H ∧ F -term typically
has to be positive in order to obtain physically-relevant solutions.
Since the right-hand sides are bounded from above by the orien-
tifold contributions, the ﬂux contributions should not be larger
than O(10) to O(105). In the presence of non-geometric Q-ﬂux
the left-hand sides in (2.19) can be negative – but since also the
D-brane contributions are bounded, again the ﬂux contributions
should not be too large. This is an important point for our ap-
proach in this paper, which we summarize as
In order to solve the tadpole-cancellation condition (2.19) and
ignore the back-reaction of D-branes, the contribution of ﬂuxes
to the left-hand sides in (2.19) should not be too large. Depend-
ing on the setting, known bounds are of ordersO(10) toO(105).
2.3. T6/Z2 × Z2 Orientifold
Let us now turn to a speciﬁc example for a compactiﬁcation space.
We consider the orbifold T6/Z2 × Z2 which provides a simple
example of a Calabi-Yau three-fold with only few moduli. For
our purposes it is suﬃcient to stay in the orbifold limit and not
blow-up the ﬁxed-point singularities, that is we ignore the twisted
sectors. This model has been extensively studied in the litera-
ture, and we refer for instance to [55–58] for more details in the
present context.
For this model the contribution of orientifold planes to the
tadpole-cancellation condition (2.19) only allows for a small num-
ber of diﬀerent ﬂux choices. In order to be able to study general
properties of the space of solutions, in the following we therefore
ignore the precise form of the tadpole cancellation condition and
allow for arbitrarily-large values of H ∧ F and Q • F . We do how-
ever keep in mind that these tadpole contributions are bounded
by the D-brane and orientifold contributions.
Compactiﬁcation Space
We start from the following six-dimensional orbifold construc-
tion which has the properties of a Calabi-Yau three-fold
X = T
2 × T2 × T2
Z2 × Z2 . (2.22)
On each of the two-tori we introduce complex coordinates as
zi = xi +Ui yi , i = 1, 2, 3, (2.23)
where xi and yi denote real coordinates with identiﬁcations
xi ∼ xi + 1 and yi ∼ yi + 1, Ui denote the complex structures
on each of the T2, and no summation is performed in (2.23). The
orbifold action is given by
 :
⎛⎝z1z2
z3
⎞⎠ →
⎛⎝−z1−z2
+z3
⎞⎠, ′ :
⎛⎝z1z2
z3
⎞⎠ →
⎛⎝+z1−z2
−z3
⎞⎠, (2.24)
where and′ are the two generators of the orbifold groupZ2 ×
Z2. In addition, we perform the following orientifold projection
σ :
⎛⎝z1z2
z3
⎞⎠ →
⎛⎝−z1−z2
−z3
⎞⎠. (2.25)
Cohomology
Next, we turn to the cohomology of (2.22). We note that there are
no one- or ﬁve-forms invariant under the orbifold action (2.24),
and that the invariant three-forms are given by the following com-
binations
α0 = dx1 ∧ dx2 ∧ dx3, β0 = +dy1 ∧ dy2 ∧ dy3 ,
α1 = dy1 ∧ dx2 ∧ dx3, β1 = −dx1 ∧ dy2 ∧ dy3 ,
α2 = dx1 ∧ dy2 ∧ dx3, β2 = −dy1 ∧ dx2 ∧ dy3, (2.26)
α3 = dx1 ∧ dx2 ∧ dy3, β3 = −dy1 ∧ dy2 ∧ dx3 .
Choosing the orientation of the six-dimensional space (2.22)
such that we have
∫
dx1 ∧ dx2 ∧ dx3 ∧ dy1 ∧ dy2 ∧ dy3 = 1, the
three-forms in (2.26) satisfy the intersection relation (2.4).We can
furthermore deﬁne a holomorphic three-form
 = dz1 ∧ dz2 ∧ dz3, (2.27)
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which – when expanded in the basis (2.26) – takes the form1
 = α0 +
(
U1α1 +U2α2 +U3α3
)
(2.28)
−(U2U3β1 +U3U1β2 +U1U2β3)+U1U2U3 β0.
Turning to the orientifold action (2.25), we see that all three-forms
(2.26) are odd under σ and therefore h2,1− = 3 and h2,1+ = 0. We
also note that  is odd under the orientifold action as required
by (2.1).
For the even cohomology we observe that the zero- and six-
form cohomologies are even under the orbifold action (2.24).
For the second cohomology we ﬁnd the following invariant (1,1)-
forms
ωA = i2 ImUA dz
A ∧ dzA, A = 1, 2, 3, (2.29)
with no summation over A, and we deﬁne invariant (2,2)-forms
as
σ 1 = −ω2 ∧ ω3, σ 2 = −ω3 ∧ ω1, σ 3 = −ω1 ∧ ω2. (2.30)
Note that these satisfy the relations shown in (2.6). For the orb-
ifold (2.22) we can now deﬁne a real Ka¨hler form in the following
way
J = t1ω1 + t2ω2 + t3ω3, (2.31)
where the tA are the (real) Ka¨hler moduli. The forms (2.29) and
(2.30) are all even under the orientifold projection (2.25) and
therefore h1,1+ = 3 and h1,1− = 0. We also note that J is even under
σ , in agreement with (2.1).
Moduli
With the explicit expressions for the even cohomologies dis-
cussed above, we can now determine the moduli ﬁelds contained
in 	+c via Equation (2.8). For the R-R zero- and four-form poten-
tials (purely in the internal space) we use the following conven-
tions
C0 = c0, C4
∣∣
internal = c1 σ 1 + c2 σ 2 + c3 σ 3, (2.32)
and evaluating (2.8) in the present situation leads to
T0 = τ = c0 + i e−φ,
T1 = c1 + i t2t3,
T2 = c2 + i t3t1,
T3 = c3 + i t1t2,
(2.33)
with the Einstein-frame Ka¨hler moduli deﬁned as tA = e−φ/2tA.
We also note that the R-R two-form potential C2 is odd un-
der the combined world-sheet parity and left-moving fermion
number (cf. (2.2)) and should therefore be expanded in the
1 The expression (2.28) is the classical result; in the quantum theory the
coeﬃcients of αI and β I (i.e. the periods) typically receive quantum
corrections. However, in the large complex-structure limit ImUi  1
these corrections can be ignored.
σ -odd (1,1)-cohomology, which however vanishes. Finally, the
complex-structure moduli Ui are contained in  as can be seen
from (2.28).
Fluxes
Let us now turn to the ﬂuxes. Using the basis of three-forms
(2.26), the NS-NS and R-R three-form ﬂuxes can be expanded in
the following way
F = f IαI + f I β I , H = hIαI + hI β I , (2.34)
where I = 0, . . . , 3. The expansion coeﬃcients f I , f I , hI , hI are
quantized due to the ﬂux quantization conditions for F and H
shown in (2.12). For the remaining ﬂuxes in the NS-NS sector we
note that due to (2.3) and (2.11), the geometric f - and the non-
geometric R-ﬂux vanish. The Q-ﬂux is in general non-vanishing,
and we specify it by its action on the third and fourth cohomology
as
Q • αI =−qIA ωA,
Q • β I =+q IA ωA, Q • σ
A = q IAαI + qIAβ I . (2.35)
Here we have again A = 1, 2, 3 and the ﬂux quanta are integers.
In order to shorten the notation for our subsequent discussion,
we combine the H-ﬂux with the Q-ﬂux by deﬁning
qI 0 = hI q I0 = hI . (2.36)
Let us brieﬂy discuss a subtlety concerning the ﬂux quantiza-
tion condition (2.12). It was ﬁrst pointed out in [59] that on orb-
ifold (or orientifold) spaces besides bulk cycles inherited from
the covering space, twisted cycles of shorter length can exist.
This implies that the quantization condition of the ﬂuxes shown
above is slightly modiﬁed. For the present example of the type
IIB T6/Z2 × Z2 orientifold this observation has been mentioned
in [23,60] and has been analyzed in detail for instance in [61,62].
More concretely, for Z2 × Z2 orbifold actions with and without
discrete torsion (see [63]) one ﬁnds that ﬂuxes on generic bulk
cycles have to satisfy
without discrete torsion f I , f I , q IA, qI A ∈ 8Z,
with discrete torsion f I , f I , q IA, qI A ∈ 4Z. (2.37)
As mentioned at the beginning of this subsection, in this paper
we ignore the twisted sector which eﬀectively implies that we con-
sider models without discrete torsion.[61] Fluxes will therefore be
quantized in multiples of eight. In the literature similar orien-
tifolds have been studied,[13,16,20,23,60] although with slightly dif-
ferent quantization conditions.
Bianchi Identities
Turning to the Bianchi identities (2.15), we recall from (2.5)
that the collective basis for the even cohomology is denoted by
ωA and from (2.34) and (2.35) that the R-R and NS-NS ﬂux
quanta are given by f I , f I , qI A and q IA. For the left-hand side
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of the Bianchi identities we then introduce the following general
notation
DF = QA ωA, QA = f Iq I A − f Iq I A,
DH = Q0B ωB, QAB = qI Aq IB − q IAqI B,
D (Q • σA) = QAB ωB,
(2.38)
where A, B = 0, . . . , 3. Note that these expressions can be com-
bined into an anti-symmetric ﬁve-by-ﬁve matrix of the form
Q =
(
0 +QB
−QA QAB
)
, A, B = 0, 1, . . . , 3. (2.39)
The right-hand side of the Bianchi identities (2.15) correspond to
NS-NS and R-R sources, and schematically we have the relations
Q0 ←→ O3-planes/D3-branes,
QA ←→ O7-planes/D7-branes,
Q0A ←→ NS5-branes,
QAB ←→ 522-branes,
(2.40)
where in particular QA for A = 0, . . . , 3 are the contributions
to the R-R tadpole cancellation conditions (2.19). As mentioned
above, in this paper we do not consider NS5-branes or non-
geometric 522-branes which leads to the requirementQ
AB = 0 for
A, B = 0, . . . , 3.
Supergravity Data
Let us ﬁnally determine the Ka¨hler and superpotential for the
T
6/Z2 × Z2 orientifold compactiﬁcation. Evaluating (2.13) we
ﬁnd for the Ka¨hler potential
K = −
3∑
A=0
log
[
−i (TA − T A)
]
−
3∑
i=1
log
[
−i (Ui −Ui )
]
, (2.41)
up to an irrelevant constant term. Turning to the superpotential
(2.14), the expansions of the ﬂuxes in (2.34) and (2.35) give rise
to
W = f0 − q0ATA
+Ui( fi − qi ATA)
+ 12 σi j k UiU j
(
f k − q kATA
)
− 16 σi j k UiU jUk
(
f 0 − q 0ATA
)
, (2.42)
where a summation over A = 0, . . . , 3 and i = 1, 2, 3 is under-
stood. For ease of notation we also deﬁned the symmetric symbol
σi j k which has the only non-vanishing components
σ123 = σ132 = σ231 = σ213 = σ312 = σ321 = +1. (2.43)
The scalar F-term potential is determined in terms of the Ka¨hler
K and superpotential W according to
VF = eK
[
DαW GαβDβW − 3 |W|2
]
, (2.44)
where φα collectively labels the complex scalar ﬁelds of the the-
ory. The Ka¨hler metric is computed from the Ka¨hler potential as
Gαβ = ∂α∂β K, and the covariant derivative reads
DαW = ∂αW + (∂αK)W. (2.45)
We also note that due to our assumption h2,1+ = 0 shown in (2.3),
no D-term potential is generated by the ﬂuxes.
2.4. Dualities
We now want to discuss dualities for the orientifold of T6/Z2 ×
Z2 introduced in the previous section. We are interested in trans-
formations which leave the physical properties of a system in-
variant but which are not necessarily symmetries of the action.
In particular, we note that an extremum of the F-term potential
(2.44) is reached for vanishing F-terms
0 = ∂αW + (∂αK)W, (2.46)
and in our subsequent analysis we are interested in duality trans-
formations which map solutions of (2.46) to new solutions.
Overall Sign-Change
Let us start by noting that the F-term potential (2.44) as well as the
F-term Equations (2.46) are invariant under changing the sign of
all ﬂuxes[23]
(
f I , f I , qI A, q IA
) −→ (− f I ,− f I ,−qI A,−q IA). (2.47)
ThisZ2 transformationmapsW → −W, which indeed leaves the
scalar potential (2.44), the Equations (2.46) and the tadpole con-
tributions (2.38) invariant.
SL (2,Z) for Complex-Structure Moduli U i
Next, we consider the group of large diﬀeomorphisms for each
of the two-tori in (2.22).[23] For a single T2 this group is SL (2,Z),
which is generated by T - and S-transformations of the form
T : Ui → Ui + 1, S : Ui → −1/Ui , (2.48)
with i = 1, 2, 3. In order for the F-term Equation (2.46) to stay
invariant under T -transformations, the ﬂuxes have to transform
in the following way
Ui→Ui + bi
g0 → g0 − bi gi + 12 σi j k bi b j g k + 16 σi j k bi b j bk,
gi → gi − σi j k b j g k − 12 σi j k b j bkg 0,
g i → g i + bi g 0,
g 0 → g 0,
(2.49)
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where (g I , g I ) stands collectively for ( f I , f I ) and (qI A, q IA), and
σi j k was deﬁned in (2.43). Under S-transformations of the com-
plex structure moduli, the ﬂuxes transform as follows
U1 → −1/U1,
g0 →−g1,
g1 →+g0,
g2 →−g 3,
g3 →−g 2,
g 0 →−g 1,
g 1 →+g 0,
g 2 →+g 3,
g 3 →+g 2,
(2.50)
and similarly forU2 andU3. Note that for the ﬂuxes this is not a
Z2 but a Z4 action, which is however reduced to Z2 using (2.47).
We also note that for a simultaneous S-transformation of all three
complex-structure moduli, the transformation reads
Ui → −1/Ui , g I → +g
I ,
g I → −g I . (2.51)
Furthermore, all Bianchi identities and tadpole contributionsQA
and QAB are invariant under these transformations.
T-Duality
We now turn to T-duality transformations. It is well-known that
performing an odd number of T-dualities for type IIB string the-
ory results in the type IIA theory and vice versa, and applying two
or six T-dualities to type IIB string theory with O3-/O7-planes re-
sults in type IIB with O5-/O9-planes. For T-duality to map the
present setting of type IIB with O3-/O7-planes to itself, we there-
fore have to perform four collective T-duality transformations.
Let us now consider more closely the T6/Z2 × Z2 orientifold
with O3-/O7-planes. Using the Buscher rules,[64,65] a collective T-
duality transformation[66] say along the ﬁrst and secondT2 results
in the following transformation of the moduli
T-duality along z1, z2 :
⎧⎪⎪⎨⎪⎪⎩
τ → T3,
T1 → T2, U1 → −1/U1,
T2 → T1, U2 → −1/U2,
T3 → τ.
(2.52)
In (2.52) we have only shown how themoduli transform, but also
the ﬂuxes transform in a non-trivial way under T-duality. How-
ever, (2.52) contains an S-transform of the complex-structure
moduli U1 and U2. To better show the underlying structure, let
us undo the Ui transformation in (2.52) using (2.50). We then
obtain the transformation
τ → T3,
T1 → T2,
T2 → T1,
T3 → τ,
qI 1 ↔ qI 2,
qI 3 ↔ hI ,
q I1 ↔ q I2,
q I3 ↔ hI ,
(2.53)
which by a slight abuse of notation we will refer to as T-duality in
the following. Similar transformations are obtained for T-duality
along the second & third and ﬁrst & third two-torus.2
2 We alsomention that the transformation of themoduli under T-duality
shown in (2.53) was to be expected: for type IIB orientifolds the R-
R zero- and four-form potentials C0 and C4 are the real parts of τ
We furthermore observe that the F-term Equations (2.46) are
invariant under a permutation of the Ka¨hlermoduli TA and ﬂuxes
(qIA, q IA). This is just a re-labelling of indices and corresponds to
the permutation group S3. Using now the T-duality action (2.53)
together with the permutation of Ka¨hler moduli, we see that S3
is enhanced to S4 acting on TA = (T0, TA) and ﬂuxes (qI A, q IA).
Indeed, for SAB ∈ S4 the superpotential (2.42) is invariant under
TA → SAB TB,
qI A → qI B(S−1)B A,
q IA → q IB(S−1)B A,
(2.54)
and the ﬂux contribution to the Bianchi identities shown in (2.38)
transform as
Q → S−TQS−1, S =
(
1 0
0 SAB
)
. (2.55)
We emphasize that four collective T-duality transformations for
type II orientifold compactiﬁcation are permutations of moduli
and ﬂuxes. They do not correspond to transformations which in-
vert TA.
S-Duality
We ﬁnally consider the SL (2,Z) duality of type IIB string theory.
For vanishing Q-ﬂux its action on the axio-dilaton and the F - and
H-ﬂux takes the following form
τ → a τ + b
c τ + d
(
F
H
)
→
(
a b
c d
)(
F
H
)
,
(
a b
c d
)
∈ SL (2,Z),
(2.56)
where a, b, c, d ∈ Z. In particular, this transformation leaves the
F-term Equations (2.46) invariant. However, for non-vanishing
Q-ﬂux only part of this duality survives.
 For constant shifts of the axio-dilaton and the Ka¨hler moduli
TA, the Ka¨hler potential (2.41) as well as the superpotential
(2.42) are invariant under
TA → TA + bA,
f I → f I + qI AbA,
f I → f I + q IAbA,
qI A → qI A,
q IA → q IA,
(2.57)
where the parameter bA has to be quantized as bA ∈ Z. This
corresponds to a gauge transformation of the R-R zero- and
four-form potentials.
 For an S-transformation τ → −1/τ in the presence of non-
geometric ﬂuxes, the F-term Equations (2.46) are in general
not invariant. To restore the SL (2,Z) duality the authors of [68]
and TA, respectively. Under a single T-duality the R-R potentials trans-
form as Cp → Cp±1,[67] where the upper/lower sign is for a transfor-
mation transversal/longitudinal to Cp . For a collective T-duality along
four directions we therefore map C0 → C4 and some components of
C4 → C0. This agrees with (2.53).
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introduced additional non-geometric P -ﬂuxes as the counter-
part of the Q-ﬂuxes. In this paper we do not consider such
P -ﬂuxes, but refer for instance to[47,69–75] for more details on
this topic.
3. Moduli Stabilization I
As a ﬁrst example for moduli stabilization on the T6/Z2 × Z2
orientifold we consider a speciﬁc choice of ﬂuxes which stabi-
lizes the axio-dilaton τ , ﬁxes the complex-structure moduliUi to
a symmetric point but leaves the Ka¨hler moduli TA unstabilized.
This setting has been studied for instance in [13,16,20], and here
we use it as a toy model for the more involved settings in the
subsequent sections.
3.1. Setting
We start by specifying the superpotential (2.42). We consider a
conﬁguration with vanishing non-geometric ﬂuxes (2.35),
qIA = 0, q IA = 0, (3.1)
which implies that the Ka¨hler moduli TA do not appear in the
potential and hence are not stabilized. The remaining R-R and
NS-NS ﬂuxes (2.34) are chosen as follows
f 0 = 3 f˜ 0, f1 = f2 = f3 = − f˜ 0, f˜ 0 ∈ 8Z,
f0 = 3 f˜0, f 1 = f 2 = f 3 = + f˜0, f˜0 ∈ 8Z,
h0 = 3 h˜0, h1 = h2 = h3 = −h˜0, h˜0 ∈ 8Z,
h0 = 3 h˜0, h1 = h2 = h3 = +h˜0, h˜0 ∈ 8Z,
(3.2)
where h˜0 and h˜0 should not be zero simultaneously. Since the
superpotentialW is independent of the Ka¨hlermoduli the F-term
Equations (2.46) take the simple form
0 = FTA = ∂TAK W,
0 = FUi = ∂UiW + ∂UiK W,
0 = Fτ = ∂τW + ∂τK W,
⇒
0 = W,
0 = ∂UiW,
0 = ∂τW.
(3.3)
Ignoring unphysical values forUi and τ with negative or vanish-
ing imaginary part, we obtain the following solution to (3.3)
U1 = U2 = U3 = i τ = f˜0 − i f˜
0
h˜0 − i h˜0
. (3.4)
The ﬂuxes in (3.2) are not arbitrary but are subject to the Bianchi
identities (2.38). Since all non-geometric Q-ﬂuxes vanish, the
only nontrivial condition is the D3-tadpole contribution
Q0 = 12
(
f˜0h˜0 − f˜ 0h˜0
)
> 0, (3.5)
where the requirement of Q0 being positive is related to hav-
ing Im τ > 0. Note that due to the quantization condition for the
ﬂuxes in (3.2), Q0 is a multiple of 768.
3.2. Finite Number of Solutions for Fixed Q0
Next, we brieﬂy review the arguments of [16,20] showing that the
number of physically-distinct solutions (3.4) is ﬁnite for ﬁniteQ0.
We restrict the values of the axio-dilaton τ to the fundamental
domain of the corresponding SL (2,Z) duality (2.56)
Fτ =
{
−1
2
≤ τ1 ≤ 0, |τ |2 ≥ 1 ∪ 0 < τ1 < +12 , |τ |
2 > 1
}
. (3.6)
For ease of notation we express the axio-dilaton in terms of its
real and imaginary part as τ = τ1 + iτ2, and for the solution (3.4)
to the F-term equations we have
τ = h˜0 f˜0 + h˜
0 f˜ 0
(h˜0)2 + (h˜0)2
+ i
12
Q0
(h˜0)2 + (h˜0)2
. (3.7)
For a ﬁxed positive value ofQ0 the imaginary part of τ is bounded
from above as τ2 ≤ Q0768 , since h˜0 and h˜0 are integer multiples of
eight which cannot be zero simultaneously. We now argue along
the following lines:
 The tadpole contribution Q0 is invariant under the SL (2,Z)
transformations (2.56). Using then a T -transformations act-
ing on the axio-dilaton as τ → τ + b with b ∈ Z, we can bring
τ1 into the region − 12 ≤ τ1 < + 12 . This T -transformation is a
duality transformation, and therefore we have the equivalence
f˜0 ∼ f˜0 + b h˜0, f˜ 0 ∼ f˜ 0 + b h˜0. (3.8)
Choosing without loss of generality h˜0 = 0, for ﬁxed h˜0 there
are only ﬁnitely-many inequivalent values for f˜0 given by
f˜0 = 0, . . . , h˜0 − 1. (3.9)
 Next, using an S-transformation τ → −1/τ (possibly together
with additional T -transformations) we can bring τ into the
fundamental domain Fτ . In Fτ a lower bound for the imag-
inary part τ2 is obtained by considering τ1 = − 12 for which
τ2 ≥
√
3/2. Using (3.7) we then ﬁnd
0 < (h˜0)2 + (h˜0)2 ≤ Q
0
6
√
3
(3.10)
which leaves only ﬁnitely many possibilities for the integers
h˜0, h˜0. Together with (3.9), this implies also a ﬁnite number of
choices for f˜0.
 The remaining ﬂux f˜ 0 is now determined via the tadpole con-
tribution Q0 shown in (3.5).
In summary, for a ﬁxed positive value of the D3-tadpole contri-
bution Q0, the F-term Equations (3.3) have only a ﬁnite number
of of physically-distinct solutions for τ .
3.3. Space of Solutions
In [16,20] it was shown that the solutions (3.4) mapped to the
fundamental domain for τ are not distributed homogeneously. In
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Figure 1. Space of solutions for the axio-dilaton τ with ﬂuxes (3.2), mapped to the fundamental domainFτ . All solutions satisfy the bound Q
0
768 ≤
Q0max
768 =
300.
particular, the space of solutions contains voids with large degen-
eracies in their centers. In this section we review these ﬁndings
and provide some new results on the dependence of these dis-
tributions on the D3-tadpole contribution Q0. Our data has been
obtained using a computer algorithm to generate all physically-
distinct ﬂux vacua for a given upper bound on the D3-brane tad-
pole contribution.
Distribution of Solutions
As we argued above, for a ﬁxed value ofQ0, the number of physi-
cally inequivalent solutions for the axio-dilaton τ is ﬁnite. Using
the SL (2,Z) duality (2.56) we canmap these solutions to the fun-
damental domain (3.6), and we have shown the corresponding
space of solutions in Figure 1 and 2.
 For Figure 1 we have included all ﬂux conﬁgurations for which
the tadpole contribution satisﬁes 0 < Q
0
768 ≤ 300, and in order
to have a symmetric plot we have added points on the bound-
ary of the fundamental domain at τ1 = + 12 . We see that the
space of solutions for (3.4) is bounded as τ2 ≤ 300, and that
solutions are located on lines with ﬁxed τ1.
 In Figure 2 we show a zoom of Figure 1 for a small range of
τ2. Here we see a characteristic structure of voids[16] with accu-
mulated points in their centers. The large voids are encircled
by smaller ones, and we note that the higher density of points
near |τ |2 = 1 is not a physical property as we have not taken
into account the metric on moduli space.
Let us next note that the moduli space of the axio-dilaton τ is
hyperbolic. Indeed from the Ka¨hler potential (2.41) we can derive
the corresponding Ka¨hler metric with components
Gτ1τ1 = Gτ2τ2 =
1
4τ22
, Gτ1τ2 = 0. (3.11) Figure 2. Zoom of Figure 1 for a 0 ≤ τ2 ≤ 5.
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A convenient way to visualize this hyperbolic space is bymapping
the Poincare´ half-plane to the Poincare´ disk via the conformal
transformation
(τ1, τ2) → (τ˜1, τ˜2) =
(
2 τ1
τ 21 + (1+ τ2)2
τ 21 + τ 22 − 1
τ 21 + (1+ τ2)2
)
. (3.12)
The space of solutions for the axio-dilaton mapped to the
Poincare´ disk is then shown in Figure 3, which is the mapping
of Figure 1 under (3.12).
 In Figure 3 the characteristic structure of voids is visible. In
this plot eﬀects of the moduli-space metric are incorporated.
Analysis of Voids
The number of physically-distinct solutions for the axio-dilaton is
ﬁnite for ﬁxed tadpole-contributionQ0. The number of solutions
NwithQ0 ≤ Q0max can be determined numerically, which leads to
the following scaling behaviour
N ≈ 0.823
[
Q0max
768
]2
(3.13)
for large Q0max. We now want to study how the voids change de-
pending on N, or, equivalently, depending on Q0max. In particu-
lar, we are interested how the size of the voids depends on Q0max.
Qualitatively, this behaviour is illustrated in Figure 4:
 In Figure 4 the space of solutions for the axio-dilaton around
the point τ = 2i is shown. The blue points correspond to so-
lutions which satisfy Q
0
768 ≤ 300, and the red points correspond
to solutions with Q
0
768 ≤ 3000. For larger Q0max the void around
τ = 2i therefore becomes smaller, and ﬁner void structures
appear. These results are in agreement with the topological
data analysis in [29].
Let us denote the origin of a void by τvoid, and deﬁne its size by
the distance to the nearest solution τsol (not located at τvoid). The
geodesic distance d is measured using the metric (3.11) on the
axio-dilaton moduli space, for which we have
d(τ τ˜ ) = 1
2
arccosh
[
1+ (τ˜1 − τ1)
2 + (τ˜2 − τ2)2
2 τ˜2 τ2
]
. (3.14)
As we can see for instance from Figure 3, in the proper distance
the voids can be approximated by a circle whose radius we deﬁne
as
Rvoid = min
τsol =τvoid
d(τvoid, τsol). (3.15)
The scaling behaviour of Rvoid with Q0max has been obtained for
instance in [16,20] as R2void ∼ 1/Q0max, and below we have deter-
mined the prefactors for some families of voids numerically. For
voids located in the fundamental domain on the Poincare´ plane
we have the following relation between the radius of the void
Rvoid, the tadpole contribution Q0max and the number of solutions
located at the center of the void nvoid
R2void ≈
1
C τ2void
[
768
Q0max
]
nvoid ≈ 2πC τ2void
[
Q0max
768
]
τ1void τ2void C
0 n 4
0 n+ 0.5 16
±0.2 n+ 0.4 20
±0.2 n+ 0.6 20
(3.16)
where n ∈ Z+. The constantC depends on the family of voids un-
der consideration and can be read-oﬀ from the table in (3.16) for
several examples. Note also that the number of solutions located
at the center of the void divided by the area of the void takes the
simple form
nvoid
2πR2void
≈
[
Q0max
768
]2
. (3.17)
Solutions at Small Coupling
The imaginary part of the axio-dilaton τ is bounded from above
by the D3-tadpole contribution Q0, which via (2.33) implies a re-
striction on the string coupling gs as
τ2 = e−φ = 1gs ≤
Q0
768
⇒ gs ≥ 768
Q0
. (3.18)
Recall that in our conventions Q0 is a multiple of 768. In the fol-
lowing we determine the number of physically-distinct solutions
Nc which satisfy τ2 ≥ c for some cutoﬀ c > 0 so that we have
768
Q0max
≤ gs ≤ 1
c
. (3.19)
Note that in order to ignore string-loop corrections and correc-
tions from world-sheet instantons, we need to stabilize the axio-
dilaton at small gs. This implies that Q0 and c should be suf-
ﬁciently large. Using then the exact data for the space of solu-
tions, we can obtain ﬁts for Nc for values of Q0max of the order
Q0max
768 = O(103). In particular, with the scaling of the total number
of solutions N shown in (3.13) we have
Q0max
768
 1
c Nc Nc/N
2 0.393
[
Q0max
768
]2
0.478
5 0.157
[
Q0max
768
]2
0.191
10 0.078
[
Q0max
768
]2
0.095
20 0.039
[
Q0max
768
]2
0.047
(3.20)
We observe that in this limit the percentage of solutions with
gs  1 is small and independent of Q0max. For instance, only
about 5% of the solutions have a string coupling satisfying
gs ≤ 0.05.However, the region of small tadpole contributions
Q0
768 = O(1) is more interesting. Here the number of solutions
Nc does not follow a simple quadratic behavior, and the precise
numbers are shown in Figure 5. We see that for a particular c in
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Figure 3. Space of solutions for the axio-dilaton τ with ﬂuxes of the form (3.2), restricted to the fundamental domain and mapped to the Poincare´ disk.
All solutions satisfy the bound Q
0
768 ≤ 300.
Figure 4. Space of solutions for the axio-dilaton τ with ﬂuxes of the form (3.2) near τ = 2i on the Poincare´ plane for Q0768 ≤ 300 (blue) and Q
0
768 ≤ 3000
(red).
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Figure 5. Number of solutions Nc (for the axio-dilaton τ with ﬂuxes of the form (3.2)) which satisfy c ≤ τ2 ≤ Q
0
max
768 for c = 2, 5, 10, 20 in colors blue,
orange, green and red, respectively.
gs ≤ 1/c, the D3-tadpole contributions Q0768 has to be larger than
some threshold. Furthermore, above this threshold the number
of solutions is not large but only O(10).
3.4. Summary
Let us summarize the results and observations of this section for
moduli stabilization of the axio-dilaton with the choice of ﬂuxes
given in Equation (3.4):
 As already known before, for a ﬁxed D3-brane tadpole contri-
bution Q0, the number of physically-distinct solutions to the
F-term equations for the axio-dilaton τ is ﬁnite due to the cor-
responding SL (2,Z) duality.[16,20]
 The solutions for the axio-dilaton in the fundamental domain
are not distributed homogeneously, but show characteristic
void structures as illustrated in Figures 2 and 3.
 With increasing upper bound Q0max on the tadpole contribu-
tion, the area of these voids shrinks and the number of solu-
tions located at the center nvoid increases as shown in (3.16).
The precise behaviour for the radius Rvoid and nvoid is propor-
tional to a constant depending on the location of the void, how-
ever, the ratio nvoid/2πR2void is universal.
 The string coupling is bounded frombelow by the tadpole con-
tribution as 768
Q0
≤ gs. In order to ignore string corrections and
trust the solutions (3.4), we have to demand gs  1 which
implies Q
0
768  1. This is in contrast to our discussion of the
tadpole-cancellation condition on page 12 which requires Q
0
768
to be small, and illustrates the diﬃculty of obtaining reliable
solutions to the F-term equations.
 We have furthermore analyzed the number of physically-
distinct solutions satisfying gs ≤ 1/c. Requiring a small string
coupling of for instance gs ≤ 1/10, we ﬁnd that only about
10% of the solutions satisfy this condition. If we require gs
to be smaller, then the corresponding fraction of solutions is
smaller.
4. Moduli Stabilization II
In this section we extend our previous discussion by includ-
ing the complex-structure moduli Ui . We choose ﬂux conﬁg-
urations which stabilize the axio-dilaton and ﬁx the complex-
structure moduli at an isotropic minimum with U1 = U2 = U3.
Such vacua have previously been studied for instance in [20,60].
4.1. Setting
We start again by specifying the superpotential (2.42) and set to
zero the non-geometric ﬂuxes (2.35)
qIA = 0, q IA = 0 (4.1)
and for the R-R and remaining NS-NS ﬂuxes (2.34) we choose the
following restricted setting
f1 = f2 = f3, h1 = h2 = h3,
f 1 = f 2 = f 3, h1 = h2 = h3,
f I , f I , hI , hI ∈ 8Z. (4.2)
Since the superpotential is independent of the Ka¨hler moduli TA,
the F-term Equations (2.46) simplify as in (3.3) and we obtain
0 = W, 0 = ∂UiW, 0 = ∂τW. (4.3)
Due to the isotropic choice of ﬂuxes in (4.2), the complex-
structure moduli Ui are stabilized such that
U1 = U2 = U3 =: U, (4.4)
and the F-term Equations (4.3) reduce to
− f0 − 3U f1 − 3 (U)2 f 1 + (U)3 f 0 = 0,
−h0 − 3U h1 − 3 (U)2 h1 + (U)3 h0 = 0, (4.5)
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( f1 − τh1)+ 2U( f 1 − τh1)− (U)2( f 0 − τh0) = 0. (4.6)
The R-R and NS-NS ﬂuxes in (4.2) are furthermore subject to the
Bianchi identities (2.38), and due to the vanishing Q-ﬂuxes the
only nontrivial relation is again given by the D3-brane tadpole
contribution
Q0 = f0 h0 − f 0 h0 + 3
(
f1 h1 − f 1 h1
)
> 0. (4.7)
Note that due to the quantization condition for the ﬂuxes, the
tadpole contribution Q0 is an integer multiple of 64. However,
as it has been explained in footnote 10 of [60], in order to ob-
tain physically-viable solutions Q0 receives an additional factor
of three. The tadpole contribution is therefore always a multiple
of 192, which is also what we see explicitly in our data.
4.2. Finite Number of Solutions for Fixed Q0
The two equations for the complex-structure modulus shown in
(4.5) deﬁne an overdetermined cubic system forU, which in gen-
eral does not allow for a solution in closed form. Since the coef-
ﬁcients in (4.5) are real, one can bring these equations into the
form
(U − u0) (U − u1) (U − u¯1) = 0, u0 ∈ R, u1 ∈ C, (4.8)
where u0, u1, u¯1 denote the solutions. Physically-acceptable solu-
tions have to satisfy ImU > 0, and therefore the F-term equa-
tions (4.5) have at most one solution for U of interest to us. The
Equation (4.6) can be solved for the axio-dilaton as
τ = f1 + 2Uf
1 − (U)2 f 0
h1 + 2Uh1 − (U)2 h0 , (4.9)
which however depends on U. More details on these solutions
can be found in appendix A, where we follow the discussion
of [20,60]. As reviewed in section 2.4, in the absence of non-
geometric Q-ﬂuxes the axio-dilaton and the complex-structure
moduli enjoy SL (2,Z) dualities. These can be used to bring τ
andU into their fundamental domains
Fτ=
{
−1
2
≤ τ1 ≤ 0, |τ |2 ≥ 1 ∪ 0 < τ1 < +12 , |τ |
2 > 1
}
,
FU=
{
−1
2
≤ U1 ≤ 0, |U|2 ≥ 1 ∪ 0 < U1 < +12 , |U|
2 > 1
}
,
(4.10)
where we again split τ andU into their real and imaginary parts
as τ = τ1 + i τ2 andU = U1 + i U2.We furthermore note that the
two SL (2,Z) dualities leave the D3-tadpole contribution Q0 in-
variant. Now, as shown by [20,60] and reviewed in appendix A,
the dualities can be used to show that the number of physically-
distinct vacua in the fundamental domain is ﬁnite for ﬁxed Q0.
In the following we explore how the properties of the space of
solutions for τ andU depend on Q0.
4.3. Space of Solutions
In this section we study the space of solutions to the F-term Equa-
tions (2.46) for the combined axio-dilaton and complex-structure-
modulus system. Since for the axio-dilaton system we found
two-dimensional circular voids in the two-dimensional moduli
space, it is natural to expect four-dimensional spherical voids in
the four-dimensional moduli space. However, we can not con-
ﬁrm this expectation. Our data has again been obtained using a
computer algorithm, which generated all physically-distinct ﬂux
vacua for a given upper bound on the D3-brane tadpole contribu-
tion Q0.
Distribution of Solutions
In [20,60] (as well as in appendix A) it is shown that for ﬁxed
Q0 the number of physically-distinct solutions is ﬁnite. We have
determined all solutions for the setting described in section 4.1
numerically, and have visualized them in the following ﬁgures.
 In Figure 6 we have shown the solutions for the ﬂuxes of
the form (4.2) projected onto the τ and onto the U-plane.[20]
All solutions satisfy the bound on the tadpole contribution
Q0
192 ≤ 1000, and in order to have a symmetric plot we included
points on the boundary of the fundamental domains. These
plots are similar to the one in Figure 1. When comparing
Figures 6a and 6b, we note that for the sameQ0 the maximum
values for τ2 andU2 diﬀer signiﬁcantly. Furthermore, we note
that the number of diﬀerent values for τ1 is much larger than
forU1.
 In Figure 7 we show sections through the four-dimensional
space of solutions for τ2 ≤ 2, characterized by diﬀerent val-
ues of the complex-structure modulus. All solutions satisfy
Q0
192 ≤ 1000, and these plots show void structures similar as
in Figure 2. We note however that although the location of
the voids stays the same when going from U = i to U = 2i
and similarly from U = √2i to U = 2√2i , the density of so-
lutions decreases. This appears to be a general feature which
we observe in the data.
 In Figure 8 we have shown three-dimensional sections of the
four-dimensional space of solutions for U1 = 0. All solutions
have beenmapped to the fundamental domain. Figures 8a and
8b show two diﬀerent points of view, which illustrate that the
three-dimensional section of the space of solutions is not ho-
mogenous. Solutions are accumulated on planes for particu-
lar values of U2, while the space between these planes is only
sparsely populated. This is in agreement with our observa-
tions in Figure 7, which also show that the density of solu-
tions varies.
The lines in Figure 8a and 8b connect voids for diﬀerent values
ofU2 and are described by the following equations for t ∈ R+
orange l1 (τ1, τ2,U1,U2) = (0, 1+ t, 0, 1+ 11 t),
red l2 (τ1, τ2,U1,U2) = (0, 2+ t, 0, 1+ 12 t),
purple l3 (τ1, τ2,U1,U2) = (0, 3+ t, 0, 1+ 13 t),
green l4 (τ1, τ2,U1,U2) = (− 12 , 32 + t, 0, 1+ 23 t).
(4.11)
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Figure 6. Space of solutions for the setting described in section 4.1, mapped to the fundamental domains Fτ and FU and projected onto the τ - and
U -plane. All solutions satisfy the bound Q
0
192 ≤ 1000.
 In Figure 9 we have shown the same three-dimensional sec-
tion of the space of solutions as in Figure 8. The point of view
in Figure 9a is along the line l1 (orange) of (4.11) and the point
of view in Figure 9b is along the line l2 (red). In these three-
dimensional sections of the four-dimensional space of solu-
tions we therefore have a cylindrical void centered around the
lines in (4.11).
Solutions at Small Coupling and Large Complex Structure
We now consider the number N of physically-distinct solutions
for the combined axio-dilaton and complex-structure moduli sys-
tem deﬁned in section 4.1. This number is ﬁnite for ﬁxed D3-
tadpole contribution Q0, and since we have the numerical data
we can determine this number explicitly. For largeQ0 the depen-
dence takes the form
N ≈ 1.2501
[
Q0
192
]2
. (4.12)
We next note that in the fundamental domains, the imaginary
parts of the axio-dilaton and complex-structure moduli satisfy
a lower bound similarly as in the previous example. An upper
bound can be obtained from the numerical data, which can be
expressed as3
3 More precisely, with x = Q0192 the bound onU2 can be expressed asU2 ≤√
C x, where the constant C takes values C = 3/4 for x = 0, 1 mod 4,
C = 3/8 for x = 2 mod 8, C = 1/4 for x = 3, 7 mod 8, and C = 1/8
for x = 6 mod 8.
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Figure 7. Section through the four-dimensional space of solutions for the setting described in section 4.1. The solutions have been mapped to the
fundamental domains, and the sections are for ﬁxed complex-structure modulus at U = i , U = 2i , U = √2i and U = 2√2i . All solutions satisfy the
bound Q
0
192 ≤ 1000.
√
3
2
≤ τ2 ≤
√
3
2
[
Q0
192
]
,
√
3
2
≤ U2 ≤
√
3
2
[
Q0
192
]1/2
. (4.13)
Note that in our conventions the tadpole contributionQ0 is amul-
tiple of 192. However, as we have seen in (4.9), the solution for
the axio-dilaton depends on the complex-structure modulus. Al-
though this dependence is diﬃcult to analyze analytically, the nu-
merical data gives the following bound on the solutions
τ2U2 ≤ 34
Q0
192
. (4.14)
This bound is stronger than in (4.13), and it implies that for ﬁxed
Q0 the imaginary parts of τ and U cannot be made simultane-
ously large. In particular, in order to have solutions at small cou-
pling gs = 1τ2  1 and large complex structure U2  1, the tad-
pole contribution has to be suﬃciently large. Let us make this
more precise and determine numerically the number of solutions
Nc with Q0 ≤ Q0max for which
gs ≤ 1
c
and U2 ≥ c. (4.15)
In the limit of large Q
0
max
192 we obtained the following approxima-
tions
Q0max
192
 1
c Nc Nc/N
2 0.0553
[
Q0max
192
]2
−3.4617
[
Q0max
192
]
0.041
5 0.0047
[
Q0max
192
]2
−0.7627
[
Q0max
192
]
0.004
10 0.0009
[
Q0max
192
]2
−0.3569
[
Q0max
192
]
0.001
(4.16)
These approximations do not describe the data very well, but
are suﬃcient for our purposes here. In particular, we see that at
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Figure 8. Section through the four-dimensional space of solutions with U1 = 0 for the setting described in section 4.1. All solutions satisfy the bound
Q0
192 ≤ 1000 and have been mapped to the fundamental domains. The lines in 8a and 8b connect voids for diﬀerent values of U2 and are described by
the expressions in Equation (4.11).
leading order Nc depends quadratically on Q0max and that the ra-
tios Nc/N are rather small. Thus, only a small percentage of
the solutions to the F-term equations are in a perturbatively-
controlled regime. More interesting is the limit of small Q
0
192 ,
which we have illustrated in Figure 10. We see that for c = 2
(blue) there are solutions starting at Q
0
192 = 16. For c = 5 (or-
ange) we ﬁnd solutions starting at Q
0
192 = 100, and for c = 10
(green) solutions can be obtained starting at Q
0
192 = 400. Themain
conclusion we want to draw from this analysis is that for so-
lutions at weak coupling gs  1 and large complex structure
U2  1, the D3-tadpole contribution Q0192 has to be large. As dis-
cussed on page 12, this is in tension with the tadpole cancellation
condition.
4.4. Summary
Let us summarize the results obtained in this section for the
space of solutions of the combined axio-dilaton and complex-
structure-moduli system with ﬂuxes characterized by the setting
described in section 4.1:
 As known before, for a ﬁxed D3-brane tadpole contributionQ0
the number of physically-distinct solutions to the F-termEqua-
tions (2.46) for the axio-dilaton and complex-structure moduli
is ﬁnite. This is again due to the SL (2,Z) dualities for the axio-
dilaton and the complex-structure moduli.
 The values of the ﬁxed moduli (mapped to their fundamen-
tal domains) are not distributed homogeneously in the space
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Figure 9. Section through the four-dimensional space of solutions with
U1 = 0 for the setting described in section 4.1. All solutions satisfy the
bound Q
0
192 ≤ 1000 and have been mapped to the fundamental domains.
The points of view are along the line l1 (Figure 9a) and line l2 (Figure 9b)
in Figures 8, which show a void structure around l1 and l2.
of solutions. As shown in Figures 9, the solutions are accumu-
lated on submanifolds in the four-dimensional space with few
points in between. We also ﬁnd void structures in the space of
solutions, which are however not spherical but take a cylindri-
cal form in three-dimensional sections (cf. Figures 9).
 The imaginary parts of the axio-dilaton and the complex-
structuremoduli τ2 andU2 are bounded from above and below
as shown in Equation (4.13). In our data we ﬁnd however the
stronger bound on the product τ2U2 ≤ 34 Q
0
192 , which implies
that in the weak-coupling and large-complex-structure regime
the tadpole contribution Q
0
192 has to be large. This is again in
contrast to our arguments regarding the tadpole-cancellation
condition on page 12 which requires Q
0
192 to be small, and illus-
trates the tension between the closed- and open-string sectors
for obtaining reliable solutions.
 We have furthermore shown that the fraction of reliable ﬂux
solutions within all solutions for ﬁxed tadpole Q
0
192 is only of or-
ders O(10−3), which is a reduction as compared to the setting
of section 3.
5. Moduli Stabilization III
We now generalize the setting from section 4 by including
non-geometric Q-ﬂuxes. The ﬂuxes are restricted such that the
complex-structure and Ka¨hler moduli are ﬁxed isotropically as
T1 = T2 = T3 := T and U1 = U2 = U3 := U, which reduces the
system to the three complexmoduli ﬁelds τ ,U and T . Such vacua
have previously been analyzed for instance in [23].
5.1. Setting
We specify the superpotential (2.42) by imposing the following
restrictions on the R-R and NS-NS ﬂuxes (2.34) and (2.35)
f 1 = f 2 = f 3, h1 = h2 = h3,
f1 = f2 = f3, h1 = h2 = h3,
q 01 = q 02 = q 03,
q01 = q02 = q03,
q 11 = q 22 = q 33, q 12= q 13 = q 21 = q 23 = q 31 = q 32 =: q˜ 11,
q11 = q22 = q33, q12= q13 = q21 = q23 = q31 = q32 =: q˜11,
(5.1)
which leaves four independent R-R F -ﬂux components, four in-
dependent H-ﬂux components and six independent Q-ﬂux com-
ponents. As discussed around Equation (2.37), these ﬂuxes are
subject to the quantization conditions
f 0, f 1, f0, f1, h0, h1, h0, h1, q 01, q 11, q˜ 11, q01, q11, q˜11 ∈ 8Z.
(5.2)
Together with the Ka¨hler potential (2.41), the F-term Equa-
tions (2.46) can then be determined explicitly. Since in the present
situation the superpotential W depends on the Ka¨hler moduli
TA, the condition W = 0 is in general not obtained and the re-
sulting system of equations is more involved. However, provided
that solutions to the F-term equations with non-vanishing imagi-
nary parts exist, then for the ﬂuxes (5.1) the moduli are stabilized
isotropically
U1 = U2 = U3 =: U, T1 = T2 = T3 =: T. (5.3)
A necessary condition to achieve this stabilization is that q11 =
q˜11 and q 11 = q˜ 11. The system of seven F-term equations for τ ,
Ui , TA then reduces to the following three equations
0 = [ f0 − h0τ − q013 T]+ 3U[ f1 − h1τ − (2 q˜11 + q11)T]
−(U)3[ f 0 − h0τ − q 013 T]
+3(U)2[ f 1 − h1τ − (2 q˜ 11 + q 11)T],
(5.4a)
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0 = [ f0 − h0τ − q01(T + 2 T )]
+3U[ f1 − h1τ − (2 q˜11 + q11) 13 (T + 2 T )]
−(U)3[ f 0 − h0τ − q 01(T + 2 T )]
+3(U)2[ f 1 − h1τ − (2 q˜ 11 + q 11) 13 (T + 2 T )],
(5.4b)
0 = [ f0 − h0τ − q013 T]
+(U + 2U)[ f1 − h1τ − (2 q˜11 + q11)T]
−U(U)2[ f 0 − h0τ − q 013 T]
+(2UU + (U)2)[ f 1 − h1τ − (2 q˜ 11 + q 11)T].
(5.4c)
The R-R and NS-NS ﬂuxes are furthermore subject to the Bianchi
identities (2.38), and using the restrictions (5.1) we ﬁnd for the
tadpole contributions
Q0 = f0 h0 − f 0 h0 + 3( f1 h1 − f 1 h1),
Q1 = f0 q 01 − f 0 q01 + 2( f1 q˜ 11 − f 1 q˜11)+ f1 q 11 − f 1 q11,
Q01 = h0 q 01 − h0 q01 + 2(h1 q˜ 11 − h1 q˜11)+ h1 q 11 − h1 q11 != 0.
(5.5)
Finally, as we discussed in section 2.4, the present setting is du-
ality invariant under SL (2,Z) transformations of the complex-
structure modulus U whereas the SL (2,Z) duality (2.56) of the
axio-dilaton is broken to constant shifts (2.57) due to the non-
vanishing Q-ﬂux. Furthermore, T-duality (2.54) is in general bro-
ken because of the isotropic choice of ﬂuxes in (5.1).
5.2. Inﬁnite Number of Solutions for Fixed QA
In contrast to the settings of sections 3 and 4, for non-vanishing
Q-ﬂux the number of solutions for ﬁxed tadpole contributionsQA
is inﬁnite.[23] This can be illustrated with the following example
from [23]: the D7-brane tadpole contribution is ﬁxed as Q1 = 0
and the ﬂuxes are chosen as follows
f 0 = 0, f 1 = 0,
f0 = Q0b , f1 = 0,
h0 = b, h1 = b,
h0 = b, h1 =−b,
q 01 = 0, q 11 =−m, q˜ 11 = 0,
q01 =−m− n, q11 = n, q˜11 =m,
(5.6)
where m, n ∈ 8Z and b ∈ 8Z is restricted such that f0 ∈ 8Z. To
obtain non-trivial solutions we requirem, n, b = 0, and the above
choice of ﬂuxes always satisﬁes the Bianchi identities (5.5). A so-
lution to the equations of motion (5.4a) is given by
τ = m
3 Q0
8 b2 n3
(−4± i ), U = m+ n
m
± n
m
i, T = mQ
0
4 b n2
(2± i ),
(5.7)
where the sign takes the same value for all three moduli. In order
for the imaginary parts to be positive we require that this sign is
chosen appropriately and that Q0 > 0 and b n > 0.
Note that (5.7) describes an inﬁnite set of vacua since m, n are
not bounded, which is in contrast to the situations studied in sec-
tions 3 and 4. However, in order to trust these solutions we have
to require that Im τ, ImU, Im T > 1 which translates into the
conditions
1 <
(
± n
m
)3
<
Q0
8 b2
1 < ± n
m
<
Q0
4 b n
. (5.8)
For a ﬁxedQ0 there is only a ﬁnite number of choices for (m, n, b)
which satisfy (5.8), and therefore the number of reliable solutions
for the particular ﬂux choice (5.6) is ﬁnite for ﬁxed Q0. We re-
mark however that duality transformations can change the form
of (5.6), and therefore a similar analysis has to be performed for
the transformed ﬂux choices. We do not know whether this leads
to a ﬁnite number of reliable ﬂux solutions.
5.3. Space of Solutions
Since the number of physically-distinct solutions for ﬁxed tad-
pole contributions QA is in general inﬁnite, for the present set-
tingwe cannot construct a complete data set of ﬂux vacua for ﬁxed
tadpole contribution. However, we can generate ﬂux vacua using
Monte-Carlo sampling.
Data Set
Our data set of ﬂux vacua for the setting described in section 5.1
has been obtained in the following way:
 We restrict the contributions to the D3- and D7-brane tadpoles
Q0 and Q1 shown in Equations (5.5) as∣∣∣∣Q064
∣∣∣∣ ≤ 1000, ∣∣∣∣Q164
∣∣∣∣ ≤ 1000, Q01 = 0. (5.9)
Note that due to the ﬂux-quantization condition (5.2) the QA
are always amultiple of 64, and thatQ0 andQ1 can be negative
while still leading to positive imaginary parts for τ ,U, T .
 The ﬂuxes in (5.1) are chosen randomly with a uniform distri-
bution. The restriction on the value of the ﬂuxes reads∣∣∣∣ﬂux quantum8
∣∣∣∣ ≤ 100. (5.10)
 We have generated 1.3 · 107 ﬂux conﬁgurations for which 1)
all moduli τ , U, T are ﬁxed, 2) all imaginary parts of the
moduli ﬁelds are strictly positive, and 3) the vacua are phys-
ically distinct (i.e. not related by SL (2,Z) transformations of
the complex-structuremoduli nor by T -transformations of the
axio-dilaton or Ka¨hler moduli).
 For these ﬂux contributions all moduli are ﬁxed, however, not
all of these extrema are stable. The number of vacua with
all moduli ﬁxed and without tachyonic or ﬂat directions is
2.9 · 106.
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Figure 10. Number of solutions Nc as a function of
Q0max
192 (for the setting described in section 4.1) which satisfy τ2,U2 ≥ c for c = 2, 5, 10 in colors blue,
orange and green, respectively. Note that diﬀerent ranges for Q
0
max
192 on the horizontal axis.
Solutions at Small Coupling, Large Complex Structure and Large
Volume
Since we do not have a complete set of solutions for ﬁxed tadpole
contributions Q0 and Q1, the same analysis as for the previous
cases cannot be performed. However, for our data set we have
determined the number of solutions Nc for which τ2 = Im τ ,
U2 = ImU and T2 = Im T satisfy
τ2, U2, T2 ≥ c. (5.11)
For suﬃciently large c, this corresponds to the weak-coupling,
large-complex-structure and large-volume regime. We further-
more denote by |QA/64|min the lowest value of the expression
|QA/64| = √(Q0)2 + 3(Q1)2/64 in the set of vacua determined by
(5.11). For conﬁgurations which ﬁx all moduli but may contain
tachyonic directions we ﬁnd:
all
c Nc Nc/N0 |QA/64|min
0 1.33 · 107 1 1
1 5.97 · 105 4.5 · 10−2 16.7
2 2.11 · 104 1.6 · 10−3 42.1
3 190 1.4 · 10−5 129.8
5 6 4.5 · 10−7 811.8
(5.12)
From here we see that vacua with large imaginary parts τ2,U2, T2
are extremely rare but not excluded. For larger c – that is for more
reliable solutions – the tadpole contributions have to be larger.
These observations are in line with the results of the previous
sections. For the stabilized vacua (without ﬂat or tachyonic direc-
tions) we obtain a similar behaviour:
stable
c Nc Nc/N0 |QA/64|min
0 2.94 · 106 1 1
1 5.64 · 105 1.9 · 10−1 16.7
2 2.03 · 104 6.9 · 10−3 42.1
3 163 5.5 · 10−5 129.8
5 1 3.4 · 10−7 1707.4
(5.13)
In Table 1 we have collected some concrete examples for fully
stabilized vacua with imaginary parts greater than one.
Distribution of Solutions in the QA-Plane
For moduli stabilization of the axio-dilaton and complex-
structure moduli studied in sections 3 and 4 we observed that
the tadpole-contribution Q0 has to be positive in order to obtain
physical solutions with positive imaginary parts τ2 andU2. How-
ever, when including non-geometric ﬂuxes we see that positive
as well as negative values of Q0 and Q1 can results in positive
imaginary parts τ2, U2 and T2.
Having a large data set available, we have analyzed the distribu-
tions of vacua overQ0 andQ1. For the set of stable vacua without
ﬂat or tachyonic directions we obtain
stable
Q0 Q1 fraction of all vacua
≤ 0 ≤ 0 0.518765
≤ 0 > 0 0.155262
>0 ≤ 0 0.325822
>0 > 0 0.000151
(5.14)
It is somewhat surprising that the fraction of vacua with tadpole
contributions Q0 > 0 and Q1 > 0 is suppressed by three orders
of magnitude compared to having at least one QA negative, but
we have no explanation for that. For our data set of solutions
which include potentially tachyonic directions no such diﬀerence
is found
all
Q0 Q1 fraction of all vacua
≤ 0 ≤ 0 0.360664
≤ 0 > 0 0.256953
>0 ≤ 0 0.254567
>0 > 0 0.127816
(5.15)
We also note that both data sets do not contain any solution with
Q0 = Q1 = 0.
Distribution of Solutions in Moduli Space
We have also analyzed the distribution of solutions to the F-term
Equations (2.46) within the moduli space. Since the density of
solutions is very small, we were not able to identify any patterns
or structures.
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Table 1. Examples for stable vacua (no tachyonic or ﬂat directions) with τ2,U2, T2 > 1.
Data Example 1 Example 2 Example 3 Example 4 Example 5 Example 6
f0 −40 224 −336 −112 176 296
f1 −88 24 96 104 24 −368
f 0 −56 8 32 40 48 8
f 1 0 0 24 0 24 −16
h0 −88 −64 −16 −96 72 200
h1 0 64 96 0 0 624
h0 0 −16 −24 0 0 −192
h1 0 0 −8 −8 0 −24
q01 0 8 8 0 0 72
q11 56 −104 112 24 −136 64
q˜11 −16 48 −64 −16 48 0
q01 72 64 80 48 −112 −192
q11 −64 8 96 −32 −40 488
q˜11 32 −56 −64 16 24 −608
Q0/64 −77 −48 −10 21 −54 −31
Q1/64 30 17 −94 −43 66 −193
τ +0.45+19.3i −0.02+4.39i −0.40+3.42i +0.47 + 8.25i +0.32 + 12.1i −0.48 + 5.15i
U +0.00+3.53i −0.33 + 3.52i −0.10 + 3.13i +0.47+3.04 i +0.10+3.13i +0.32+3.14i
T +0.00 +7.48i +0.20+ 3.03i +0.30+4.07i −4.47 + 8.49 i −0.48 + 3.10i −0.26 + 4.57i
5.4. Summary
We brieﬂy summarize the main results obtained in this sec-
tion for the combined moduli stabilization of the axio-dilaton,
complex-structure moduli and Ka¨hler moduli by the ﬂuxes
shown in Equation (5.1):
 For ﬁxed D3- and D7-brane tadpole contributions Q0 and
Q1 the number of physically-distinct vacua is in general
inﬁnite.[23] We therefore were not able to generate a complete
data set but used Monte-Carlo methods to randomly generate
1.3 · 107 solutions to the F-term equations which ﬁx all mod-
uli.
 We have shown that reliable solutions at weak string cou-
pling, large complex structure and large volume are only a
small fraction of all vacua. For instance, stable solutions with
τ2,U2, T2 ≥ 5make only a fraction of 3.4 · 10−7 of all solutions.
Requiring the solutions to be more reliable requires the tad-
pole contributionsQA to be larger, which is in tension with the
tadpole-cancellation condition as discussed on page 12.
 In Table 1 we have shown some concrete examples of stable
vacua with axio-dilaton, complex-structure moduli and Ka¨hler
moduli ﬁxed at imaginary parts greater than one.
 Finally, we have pointed out that stable vacua with all tadpole
contributions Q0 and Q1 positive are statistically disfavored.
We do not have an explanation for this observation.
6. Discussion
In this work we have studied moduli stabilization with R-R and
NS-NS ﬂuxes in type IIB string theory for the example of the
T
6/Z2 × Z2 orientifold. We have analyzed the interplay between
moduli stabilization and tadpole cancellation, in particular, we
have shown how properties of the vacua depend on the ﬂux con-
tribution to the tadpole-cancellation condition.
Summary of Results
More concretely, the axio-dilaton and complex-structure mod-
uli are ﬁxed by geometric ﬂuxes while the Ka¨hler moduli are
ﬁxed at tree-level using non-geometric Q-ﬂux. In section 3 we
have focussed on the axio-dilaton only and mainly ignored the
complex-structure and Ka¨hler moduli. In section 4 we included
the complex-structure moduli, and in section 5 we studied mod-
uli stabilization for all closed-string moduli. We analyzed the
space of solutions to the F-term equations for these settings and
found that it is not homogenous:
 For the axio-dilaton the space of solutions contains char-
acteristic void structures (see Figure 2).[16,20] The radius of
these voids depends on the ﬂux contribution Q0 to the
tadpole-cancellation condition, and for larger Q0 the radii be-
come smaller.
When including the complex-structure moduli, we observe
that vacua are accumulated on submanifolds within the space
of solutions (see Figure 8). On these planes we again ﬁnd
void structures, which are connected by lines between dif-
ferent planes. We therefore ﬁnd cylindrical voids in (three-
dimensional sections of) this four-dimensional space of so-
lutions.
Furthermore, in section 2.2 we have argued that the ﬂux contri-
bution to the tadpole-cancellation condition cannot be arbitrarily
large. In particular, for many known examples this contribution
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is small. We have then contrasted this observation with the re-
quirement of having reliable solutions at weak string-coupling,
large complex structure and large volume:
 We have seen that the fraction of vacua with small string cou-
pling τ2  1, large complex structure U2  1 and large vol-
ume T2  1 is small. For instance, within the approach fol-
lowed in this paper around 20% of the solutions satisfy τ2 ≥ 5,
around 0.4% of the solutions satisfy τ2,U2 ≥ 5, and a fraction
of around 10−7 of the solutions satisfy τ2,U2, T2 ≥ 5. This sug-
gests that for a large number of moduli, only a very small frac-
tion of the solutions can be trusted (within the tree-level ap-
proach used in this work).
 We have also observed that in order to ﬁnd vacua at weak
string-coupling, large complex structure and large volume the
ﬂux contribution to the tadpole-cancellation condition has to
be large. For instance, within the approach followed in this pa-
per for τ2 ≥ 5 one needs Q0 ≥ 3840, for τ2,U2 ≥ 5 one needs
Q0 ≥ 38208, and for τ2,U2, T2 ≥ 5 we have indications that
one needs |QA|  O(105). This suggests that in order to sta-
bilize a large number of moduli in a perturbatively-controlled
regime a large ﬂux contribution is needed. However, this con-
clusion is in stark contrast to the tadpole-cancellation condi-
tion which strongly disfavors large ﬂux contributions.
To conclude, in order to stabilize moduli in a reliable way a
large ﬂux contribution is needed — which is however strongly
restricted by the tadpole-cancellation condition. We therefore see
thatmoduli stabilization andmodel building in string theory can-
not be approached independently but have to be addressed simul-
taneously. This is a diﬃcult task.
Limitations and Future Directions
We now comment on the limitations of the analysis performed
in this paper and on future directions:
 Our conclusions in this work are based on the study of a single
compactiﬁcation space. We believe that the T6/Z2 × Z2 orien-
tifold captures main features of the problem, but these have to
be conﬁrmed by other examples. We are planning to address
this point in the future.
 In this work we have stabilized moduli at tree-level. Cor-
rections to the eﬀective theory can usually be ignored in
the weak-coupling, large-complex-structure and large-volume
regime, however, many of the obtained solutions are not in
this regime. We therefore should repeat our analysis and in-
clude various corrections from the start, which in turn will
modify the space of solutions.
 We have found that only a small fraction of solutions stabilize
moduli in a perturbatively-controlled regime. This observation
has implications for the landscape of string vacua, in particu-
lar, it suggests that the landscape may be smaller than naively
expected. It would be desirable to make this statement more
precise.
 The SL (2,Z) duality of the axio-dilaton was broken by non-
geometric Q-ﬂuxes. Including so-called P -ﬂuxes will restore
this duality and may help in showing that the corresponding
space of solutions is ﬁnite.
 The contribution of orientifold planes to the tadpole-
cancellation condition could only be estimated based on
known examples. It would be desirable to have a criterium
which can put a bound on the orientifold contribution for a
particular compactiﬁcation space.
Appendix: Finite Number of Solutions for Setting II
In this appendix we follow the proof of [20,60], that for the set-
ting of section 4.1 the number of physically-distinct solutions is
ﬁnite for ﬁxed Q0. The important property for showing this are
the SL (2,Z) dualities of the axio-dilaton and complex-structure
moduli summarized in section 2.4. Splitting the moduli into real
and imaginary parts as
τ = τ1 + iτ2, U = U1 + iU2, (A.1)
we recall that the two Equations (4.5) deﬁne an overdetermined
cubic system for U and therefore do not allow for a closed-form
solution in the generic case. We will now follow the lines of [20,
60] to demonstrate how a closed solution can still be obtained for
the physically relevant cases.
In order for a physical solution to exist, both equations have to
share a common root with non-vanishing imaginary part. Since
all coeﬃcients are real, there exists a second solution given by
its complex conjugate and the two equations share a common
quadratic factor. The two cubic polynomials (4.5) can then be fac-
torized as
( r U + s ) P(U) = 0,
( uU + v ) P(U) = 0, (A.2)
where P(U) deﬁnes the common quadratic factor,
P(U) = l (U)2 +mU + n, (A.3)
and the seven new variables l ,m, n, r, s , u, v ∈ Z are deﬁned by
an overdetermined system of equations
r m + s l = −3 f 1, r l = f 0,
r n + s m = −3 f1, s n = − f0,
um + v l = −3 h1, u l = h0,
u n + vm = −3 h1, v n = − h0.
(A.4)
The set of admissible septuples is furthermore restricted by re-
quiring the ﬂux quanta to to satisfy the tadpole cancellation con-
dition (4.7), which can be reformulated as(
rv − su)(m2 − 4ln) = −3Q0. (A.5)
As shown in [60], this condition can only be satisﬁed if Q0 is a
multiple of three, yielding an overall factor of 192 when taking
into account the ﬂux quantization conditions. Since the prefac-
tors appearing in (A.2) are linear in U with real coeﬃcients, the
two solutions with non-vanishing imaginary part can be obtained
by choosing U such that
P(U) = 0. (A.6)
Fortschr. Phys. 2019, 67, 1900065 1900065 (22 of 24) C© 2019 The Authors. Fortschritte der Physik Published by Wiley-VCH Verlag GmbH & Co. KGaA
www.advancedsciencenews.com www.fp-journal.org
Requiring furthermore the imaginary part ofU to be positive, we
arrive at the physical solutions
U = −m+
√
m2 − 4ln
2l
if l > 0 and n > 0,
U = −m−
√
m2 − 4ln
2l
if l < 0 and n < 0. (A.7)
The F-term Equation (4.6) is linear in τ and can be solved analyt-
ically, leading to the stabilized value
τ = s (m+ 2 l U)+ r [n+U(2m+ 3 l U)]
v(m+ 2 l U)+ u[n+U(2m+ 3 l U)] . (A.8)
We will now proceed similarly to section 3.2 to show that using
the dualities for the axio-dilaton and complex-structure moduli,
for ﬁxedQ0 only a ﬁnite number of solutions can be found. With-
out loss of generality we focus on the case l > 0 and n > 0, but
the situation l < 0 and n < 0 is completely analogous.
 As can be read-oﬀ from the ﬁrst line in (A.7), the shift symme-
try (2.49) ofU gives rise to an equivalence
m ∼ m+ 2 b l b ∈ Z. (A.9)
It therefore follows that all inequivalent values of m are con-
tained in the range
m = −l , . . . , l − 1. (A.10)
 Considering the boundary U2 = − 12 , a minimal requirement
forU to be located in the fundamental domain FU is given by
U2 ≥
√
3/2. This is equivalent to requiring
m2 − 4 l n ≤ −3 l 2. (A.11)
On the other hand, both of the factors on the left-hand side
of the tadpole-cancellation condition (A.5) have to be integers,
giving rise to a lower bound
m2 − 4 l n ≥ −3Q0. (A.12)
This restricts the inequivalent values of both l and n to ﬁnite
ranges
1 ≤ l ≤
√
Q0
3l 2 +m2
4l
≤ n ≤ 3Q
0 +m2
4l
. (A.13)
 Employing the same arguments for the axio-dilaton, one ﬁnds
an additional equivalence
s ∼ s + b v b ∈ Z (A.14)
as well as upper bounds for u and v.
 The remaining degree of freedom r is ﬁxed by the tadpole can-
cellation condition (A.5).
The above conditions leave only a ﬁnite number of inequivalent
solutions for a ﬁxed D3-tadpole contribution Q0.
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